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To obtain a better understanding of liquid-liquid critical points (LLCPs) in one-component liquids, we extend the
modified-WAC model by [E. Lascaris, Phys. Rev. Lett. 116, 125701 (2016)] which is known to have a LLCP. The
original WAC model is a model for silica (SiO;) and consists of a mixture of non-bonded Si and O ions. By adding
explicit intra-molecular Si-O bonds to the model we are able to study how several parameters (Si-O bond length, O-Si-O
angle, and bond stiffness) affect the existence and location of the LLCP. We find that for this model only the Si-O bond
length has a strong effect on the LLCP, while the bond angle and bond stiffness have no significant effect on the LLCP.
An analysis of the relevant coordination numbers indicates that increasing the bond length decreases the ratio Rg; /o of
additional Si ions per additional O ion in the first coordination shell of the Si, which causes the LLCP to move to higher,
more accessible temperatures. The behavior of the Rg; o parameter shows a strong correlation with the behavior of the
LLCP and might be a useful tool to determine if a LLCP exists at low, hard-to-reach temperatures in other models.

I. INTRODUCTION

Ever since Poole et al. reported the discovery of a liquid-
liquid critical point (LLCP) in the ST2 model of water'-?, a
lot of attention has been given to the question of is there a
LLCP in water? The existence of a liquid-liquid phase transi-
tion (LLPT) that terminates at a LLCP could explain the long
list of anomalies that are known to occur in water?, including
the first-order-like phase transition between high-density and
low-density amorphous ice seen in experiment*. The liquid-
liquid critical point hypothesis of water has fueled a heated
debate> '3, which unfortunately eclipsed the more general
question of under what circumstances does a one-component
system exhibit a LLPT or LLCP?

By studying a large variety of models we might be able
to obtain a better understanding of liquid-liquid transitions in
general. Naturally, most attempts at trying to answer the latter
question have involved the use of water models. In addition
to several versions of the ST2 model, a LLCP has also been
found in the TIP4P water model'*, TIP4P/2005'5, TIP4P-
EW!®, TIP4P/Ice!’, TIPSP'8, and the TIPSP-E model®.
However, not all water models display this behavior. For ex-
ample, no LLCP has been found in the SPC/E model?® nor in
the mW model?!?2.

These models are all quite complex and were developed
to describe experimental water as accurately as possible.
To better understand the physics behind LLCPs, additional
studies have been done on much simpler models that sim-
ulate monatomic molecules interacting via a simple pair-
interaction?>*. These studies indicate that for a LLPT to
occur, there needs to be a competition between two liquid
structures of different density; a collapsed high-density lig-
uid (HDL) and an expanded low-density liquid (LDL). Typ-
ically, the LDL state is glassy and more structured, while
the HDL state is disordered and far less viscous. These re-
sults imply that there might be strong connection between
the occurrence of two competing liquid states and the glass
transition®20-33-37,

LLCPs have been mainly found in models of tetrahedral
liquids, and a significant amount of research has been done on
the critical behavior in this type of liquid. For instance, a study
by Smallenburg et al. using a general model of tetrahedrally
coordinated liquids found that making the bond angle more
flexible affects the relative stability of the liquid and crystal
phases®®. When the bond angle flexibility is increased, the
LLCP moves to a different temperature and ultimately disap-
pears.

Tetrahedral network-forming liquids such as water, liquid
silica, liquid silicon, and liquid germanium display a range
of anomalies not found in other liquids, and the existence of
an LLCP may explain the presence of these anomalies. For
example, the density anomaly in water (i.e. the density of
liquid water increases upon heating) could be explained in
terms of the competition between a tetrahedral structure and
a distorted structure’. Near the density anomaly, the high-
density distorted structure becomes more favorable as we in-
crease the temperature, and thus the overall density goes up.
At temperatures much higher or much lower than where the
anomaly occurs, only one liquid structure dominates and no
such anomaly occurs. Having a region in the phase diagram
with two competing liquid structures means there is a possi-
bility for a liquid-liquid phase transition (LLPT) and therefore
many models with water-like anomalies also display a LLPT.

LLPTs are not merely a theoretical concept. Since the origi-
nal discovery of a LLCP in ST2 water, liquid-liquid transitions
have been experimentally observed in several one-component
systems. In 2000, Katayama et al. found a LLPT in lig-
uid phosphorous3®#! after simulations indicated the possibil-
ity of a transition between a polymeric network-forming lig-
uid and a molecular liquid of P4 molecules*>**. Experimen-
tal evidence for the existence of a LLPT in triphenyl phos-
phate was provided by Shimizu et al. in 2014*8, More
recently, in 2020, Henry el al. discovered a first-order LLPT
in sulfur®®. Tt is quite possible that LLPTs exist in many other
one-component systems but obtaining experimental evidence
is difficult since a LLPT is typically found deep in the super-
cooled region of the phase diagram where the LDL and HDL
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liquids are meta-stable with respect to a stable crystal.

Although one-component liquid-liquid transitions have
been studied for decades, the general underlying mechanisms
that cause these transitions remains poorly understood, and
more studies with a larger variety of models would help. In
this manuscript we consider a modified version of the so-
called WAC model. The original WAC by Woodcock, Angell,
and Cheeseman is a model of silica (SiO,) and consists of a
1:2 mixture of Si** and O~ ions that interact via electrostat-
ics and a Buckingham potential®®. Surprisingly, the original
WAC model is remarkably close to having a LLCP without
actually having one>!; slightly reducing the charge to Si*3-3¢
and O~ %8 introduces a LLCP that is easily observable>>>3.

It is hard to compare the charge-modified WAC model to
water models such as ST2 and TIP4P, since WAC silica is a
mixture of individual ions as opposed to a mixture of H,O or
SiO, molecules. Hence, a natural question to ask is ~ow much
do intramolecular bonds affect the existence of a LLCP? We
present here a study of how the LLCP in the charge-modified
WAC model of Ref. 52 is affected by the addition of water-
like bonds, i.e., creating explicit SiO, molecules mimicking
the structure of H,O molecules.

‘We must emphasize here that we are not trying to model any
experimental system; we are simply adjusting the parameters
of an extensively studied model with the goal of obtaining a
better understanding of what affects the existence of a LLCP.
For those readers more interested in an accurate model of ex-
perimental silica, we must note that the WAC model is one of
the oldest molecular dynamics models of silica and that newer
models are available. In particular, the BKS model by van
Beest et al.’* is considered the silica model that provides the
best results on structural and mechanical properties®. Both
BKS and WAC reproduce the pair distribution functions well,
but BKS has far better experimental agreement of the mechan-
ical moduli of the crystalline polymorphs because it employs
fractional charges on its ions as well as a slightly different in-
teraction potential®>>®. Of course, the charge-modified WAC
model also employs fractional charges, but its interaction po-
tential is the same as that of the original WAC model and
therefore does not accurately reproduce the properties of ex-
perimental silica. It is interesting to note that both BKS and
the original WAC model show hints of a possible LLCP at
low temperatures®’° although more recent studies suggest
that there is no LLCP in BKS>"60.

Il. METHODS

The bonded modified WAC model is defined by an interaction
potential that consists of three terms,

1 f74iq,
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U(rij) = +Aijexp(=Brij) + Uponas (1)
where subscripts i, j = {Si, O} indicates the ion type. The first
term represents the electrostatic interaction between the ions,
the second term the ion-ion repulsion due to interpenetra-
tion of electron shells®!, and the third term represents the in-
tramolecular bonds. The parameters we use here are the same
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as in the original WAC model®'3%: Ag;g; = 1.917991469 x
105 kJ/mol, Agio = 1.751644217 x 10> kJ/mol, Apgo =
1.023823519x 10° kJ/mol, and B = 34.48 nm!. The original
WAC model does not have explicit bonds (i.e., Upongs = 0) and
has ion charges equal to +4e and —2e (i.e., f; = 1). In this
study we shall focus on the version with 84% of the original
charge (i.e., f; = 0.84) such that the ions have charge +3.36¢
and —1.68¢, sometimes referred to as the mWAC model. This
version has an easily accessible LLCP as demonstrated in pre-
vious studies’>3.

For the intramolecular interactions we use a harmonic po-
tential, which is also used in many of the water models:

Usonas (1,0) = 3k, (r — 10)> + ko (6 — 6p) (2)

The first term in this equation adds an energy penalty when-
ever an intramolecular Si-O bond r deviates from its natural
length ro, while the second term adds a penalty whenever the
intramolecular O-Si-O angle 6 deviates from the natural an-
gle 6y. Large values for the harmonic force constants k, and
kg should lead to rigid Si-O bonds and rigid O-Si-O angles,
respectively. Conversely, small values produce a more flexi-
ble model, and in the limit that k£, — 0 and kg — 0 we should
recover the original non-bonded WAC model.

Instead of using Eq. 2 to restrain the bond length and bond
angle, we can also fix the Si-O and O-O distance within
each SiO; molecule using an algorithm such as SETTLE®?,
RATTLE®?, or SHAKE®*. Using these algorithms, the Si-O
and O-O distances are kept at a fixed value which basically
sets the stiffness parameters to k, = kg = c. For all simula-
tions where we keep the bond angle and bond length fixed (i.e.
rigid bonds), we use here the SETTLE algorithm.

All Molecular Dynamics simulations are done using Gro-
macs 4.6.7, which is an old version of Gromacs®. In newer
versions such as Gromacs 2022, the superior “Verlet cutoff-
scheme” is used instead of the older “group cutoff-scheme”.
Unfortunately, the Verlet cutoff-scheme does not (yet) support
the Buckingham potential, which means that we cannot sim-
ulate the WAC model using Gromacs version 5.0 or higher®®.
The use of an old version of Gromacs does not affect the qual-
ity of our data, but it does reduce the speed of our simula-
tions. Furthermore, installation of such an old version of the
software is not straightforward. Gromacs contains highly op-
timized code, and we found it necessary to turn off the “hard-
ware acceleration” option in order for Gromacs 4.6.7 to com-
pile correctly®’.

It is important to run each simulation long enough to ensure
that the system has reached a meta-stable equilibrium. We
denote the average time needed to reach equilibration by 7.
For the non-bonded WAC model we use the same convention
as in Ref 52: 7= /(ro(r)?) = 0.56 nm, i.e., the average time
it requires for an O ion to move twice its diameter of 0.28 nm.
For the bonded models it is more appropriate to consider the
diffusion D of the whole SiO, molecule instead of that of just
the O ion. The diameter of a SiO, molecule depends on the Si-
O bond length r( and is approximately equal to the diameter of
an O atom plus twice the Si-O bond length: (0.28 nm) + 2ry.
For the bonded models we therefore use T = \/(rsio, (1)) =
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(0.56 nm) + 4ry, i.e., the average time it requires for a SiO;
molecule to move twice its diameter.

To quickly determine if a model has a LLPT, we measure
the pressure P(T,p) for several temperatures T along iso-
chores of density p = 1.5,1.6,...,2.6 g/em>. A liquid-liquid
coexistence region exists where one or more isochores cross,
since at that state point (T, P) we have multiple densities co-
existing in a meta-stable equilibrium. We start each isochore
at a high temperature of 12000 K (12 kK) and sequentially
run simulations at lower and lower temperatures. Each simu-
lation runs for at least 37: an equilibration run of time feq = 7
followed by a production run of at least #proq > 27.

As the simulations are performed along isochores, we
employ the constant-volume/constant-temperature (NVT) en-
semble. Each simulation is done with N = 500 SiO,
molecules. The v-rescale thermostat®® is used to keep the
temperature constant, and the PME Ewald sum is used for the
electrostatics calculations. We found that a molecular dynam-
ics time step of 1 fs is sufficiently small to produce correct
results.

At low pressures, below 0 GPa, the liquid is in a metastable
equilibrium with the vapor. When the pressure is lowered fur-
ther, we ultimately reach the liquid’s stability limit (the liquid-
vapor spinodal), where we find vapor bubbles spontaneously
nucleating in the bulk liquid. The formation of these bubbles
is readily detected in the simulation: when using the NVT en-
semble, the sudden formation of a bubble relieves the tension,
causing the pressure of the system to quickly jump up to a less
negative value. When we witness such a jump, it is clear we
have crossed the spinodal. By tracking at which state points
(T,P) these jumps occur, we are able to obtain a rough esti-
mate of the location of the spinodal. The liquid-vapor spinodal
is indicated in the isochore plots by a thick gray curve in the
negative pressure regime.

At low temperatures, the diffusivity D quickly decreases,
making the liquid more glassy. This significantly increases
the time 7 needed to reach equilibrium, since 7 o< D!, Most
isochores presented here are truncated around D ~ 10~7 cm7s,
which corresponds to a T of about 30 ns.

Ill. TYPICAL PARAMETER VALUES

To determine how intramolecular bonds affect the LLCP in
the modified WAC model, we vary the parameters k,,rg, kg,
and 6y as defined in Eq. 2. However, we must first determine
what parameter values should be considered “typical”. For
instance, a small value for &, should produce such weak bonds
that there is little difference between the bonded model and the
non-bonded version, while a larger value for &, should clearly
constrain the intramolecular Si-O distance to a value near ry.

A. Si-O bond length rg

To determine the typical value of the natural Si-O bond length
ro, we consider in Fig. 1 the first peak of the radial distri-
bution function gs;o(r) of the non-bonded charge-modified
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FIG. 1. Natural bond length 7 of non-bonded mWAC is (.18 nm.
First peak of the radial distribution function gsjo(r) of the non-
bonded mWAC model®? for several temperatures and densities. The
maximum of this peak lies around r ~ 0.18 nm for all temperatures
and densities considered, which means that the typical distance be-
tween each Siion and its nearest O ion is about 0.18 nm. Inset: radial
distribution function gs;o () for a larger range of r.

WAC model of Ref. 52. For a wide range of densities and
temperatures we find that the distance between an Si ion and
its nearest O ion is about 0.18 nm, and we thus conclude that
ro = 0.18 nm is a good reference value for the natural Si-O
bond length.

Furthermore, we see in Fig. 1 that the Si-O bond varies be-
tween, roughly, 0.16 and 0.21 nm. Based on these observa-
tions, we shall use rp = 0.18 nm when we keep ry fixed, and
explore the range ryp = 0.16,0.17,...,0.21 nm when we vary
ro to study how the LLCP is affected by ry.

B. Bond stiffness k.

To determine a typical value for the bond stiffness k., it
helps to look at other models for guidance. For instance,
the SPC/E water model and the TIP4P water model are
two popular water models that use k. = 345,000 and k, =
502,416 kJmol~! nm~2, respectively. The OPLS/AA force
field, which defines model parameters for a wide variety of
molecules, uses k, values between 177,401 (CT-P bond) and
962,320 (CZ-CZ bond) with most values between 300,000
to 500,000%. We should consider a relative strong bond to
clearly see how intra-molecular bonds affect the LLCP, and
we shall therefore use k, = 5x 10°> kI mol~! nm~2 as the typ-
ical value for ;.

Increasing the bond stiffness increases the bond vibrational
frequency, which might require a smaller time step in our
molecular dynamics simulation. To prevent our simulations
from being too time-consuming, we will not work with k, val-
ues larger than 2 x 10° kI mol~! nm~2, which, considering the
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FIG. 2. Increasing bond stiffness k;, reduces flexibility of Si-
O bond length ». We study several values of k., which allows
for a range of bond length flexibility. Our lowest value k, ~ 5 x
10* kI mol~! nm~? allows the Si-O bond length to fluctuate between
0.15 and 0.22 nm, while the bond length fluctuates far less upon in-
creasing k,. By applying the SETTLE algorithm®? we can fix the
bond length to 0.18 nm, effectively setting k, = co. All curves shown
are at 2.0 g/cm? and 4000 K. For comparison, we include the first
peak of the radial distribution function gg;o(r) of the non-bonded
mWAC model (in red).

OPLS/AA parameters, can be considered an extremely stiff
bond.

Decreasing the bond stiffness too much will also lead to
problems. In particular, we find that using a k, value less than
5x 10* causes the Gromacs 4.6.7 program to crash, which
most likely happens when two bonded atoms move too far
away from each other, causing problems for the domain de-
composition algorithm.

In Fig. 2 we demonstrate how k, affects the bond length
ro. For these simulations we turn off the angular constraint
by setting kg = 0, which also means that the value of 6 is
ignored and thus irrelevant. As expected, increasing the bond
stiffness &, reduces the variance in bond length. We find that
a value of about &, ~ 5x10° kJmol ' nm~2 is sufficient to
restrain the bond length to » = 0.18 £0.01 nm (full width at
half maximum).

C. 0-Si-O bond angle 6o

Since SiO; is a tetrahedral liquid, and the structure of the
liquid in the modified WAC models has indeed a tetrahe-
dral structure®”, we shall consider here the tetrahedral angle
109.47° as the typical value for 6y. As mentioned earlier in the
introduction, the tetrahedrality in some liquids seem to allow
for the existence of two separate liquids; a low-density lig-
uid with a tetrahedral structure and a high-density disordered
structure. When these are able to phase-separate, a LLPT may

occur. However, it is an open question if this phenomenon
also occurs with liquids that do not possess a tetrahedral struc-
ture. For this reason we consider the angles 6y = 90°, 100°,
109.47°, and 120° to see how the intramolecular angle affects
the LLCP.

D. Bond angle stiffness kg

To establish the relevant range of values for the angle stiffness
ko we shall consider again the parameters used in other mod-
els. Most kg values in the OPLS/AA force field are between
250 and 800 kJmol~!rad~2, with the largest value around
1445. The SPC/E water model has kg = 383 kJ mol~! rad 2
while TIP4P uses kg = 628 kJ mol ! rad 2. Based on these
numbers, we employ kg = 500 kJ mol~! rad—2 as our typical
value.

With Fig. 3 we confirm that our values for kg produce
the correct behavior. When kg = O there is no angular re-
straint and we find a wide distribution of angles, as shown
in Fig. 3a. In Figs. 3b and 3c we use the tetrahedral angle of
6p = 109.47° and find the range of angles to be much more re-
strained. With kg = 500 the variance is about 6y == 30° while
kg = 2000 kJ mol~! rad 2 restrains the angle to approximately
6 +20°. When we use the SETTLE algorithm®? instead of
the harmonic bonds of Eq. 2 we fix the bond angle to 6y and
the variance is minimal. This is equivalent to setting kg = oo.

IV. RESULTS AND DISCUSSION
A. Non-bonded vs bonded mWAC

Now that we have established the best parameter values to
use, we are ready to study how varying these parameters affect
the LLCP in mWAC. In Fig. 4 we compare the isochores of
the non-bonded mWAC model to the isochores of the bonded
model with increasing values of bond stiffness.

We first compare the non-bonded mWAC model in Fig. 4a
with the most-flexible version of the bonded model in 4b,
which has no restraint on the angle (kg = 0) and the
smallest possible value for the bond stiffness (k, = 5 x
10* kI mol~! nm~2). One would expect that such very weak
bonds have little to no effect at all on the phase diagram, and
we find that this is more or less the case. The LLCP does
shift a little to lower temperatures, and at high temperatures
the isochores shift to lower pressures as well.

As we increase the bond and angle stiffness to kg = 500,
k, = 5x10° we see in Fig. 4c that the LLCP moves to further
to a lower temperature, a higher pressure, and a lower diffusiv-
ity, making it more difficult to access the LLCP with our sim-
ulations. This behavior continues as we increase the stiffness
to kg = 2000 and k, = 2x 10° (not shown), until we can barely
see the isochores cross when we have rigid bonds and keep the
Si-O bond length and O-Si-O angle fixed at rp = 0.18 nm and
0y = 109.47° (kg =k, = ).
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FIG. 3. Increasing angle stiffness kg reduces flexibility of O-Si-O
bond angle 6. The probability distribution of 6 for several temper-
atures (blue: 4000 K, orange: 6000 K, red: 8000 K) and several
densities (p = 1.5,1.6,...,2.6 glcm?; lowest density has the highest
peak). In all cases the natural bond angle is 8y = 109.47°, indicated
by the vertical dashed line. Bond length is kept at rp = 0.18 nm
with &, as indicated. (a) When kg = O there is no angular restraint,
which leads to a wide distribution of angles around 6y. (b) With
kg = 500 kImol~! rad =2 the angles are restrained to 6+ 30°, ap-
proximately. (c) Using kg = 2000 kJ mol~! rad =2 we restrain the
angles to 6y £ 20°.

B. How bond length g affects the LLCP

Fig. 5 shows what happens when we adjust the bond length rq
while keeping the bond stiffness fixed to kg = 500 and k, =
5% 10°. Our reference value for rq is 0.18 nm, which is shown
in Fig. 5c and is identical to Fig. 4c. When we reduce the bond
length from 0.18 nm to 0.17 nm (Fig. 5b) the LLCP moves to a
higher pressure and lower temperature. This is similar to what
happens when we increase the bond stiffness, but evidently
the effect is much stronger when we change rg. When rg =
0.17 nm the LLCP also moves to a smaller diffusivity (below
D = 1077 cm?s), which means that the simulations require
such a long time to reach 37 that we are no longer able to

(@) kg = 00, & = o0
0 2 4 6 & 10 120 2 4 6 8 10 12
T [KK] T [KK]

FIG. 4. Adding bonds and increasing bond stiffness slightly re-
duces the accessibility of the LLCP. (a) The original modified-
WAC model with f;, = 0.84 displays a clear LLCP near (T,P) =
(3350 K,0.19 GPa)>3. (b) Introducing weak bonds moves the LLCP
to a slightly lower temperature, but leads to no other significant
changes in the phase diagram. (c) Increasing the stiffness &, of the Si-
O bond and/or the stiffness kg of the O-Si-O angle, causes the LLCP
to move to lower 7 and higher P. (d) With rigid bonds (k, = kg = o)
the LLCP moves to such low temperatures that we can barely detect
the crossing of isochores.

confirm that there is indeed a LLCP. Reducing the bond length
even further, we find that for ryp = 0.16 nm (Fig. 5a) it is no
longer clear that the isochores will cross, and thus this version
of the model is likely not to have a LLCP at all.

Increasing the bond length has the opposite effect. As we
increase rog from 0.18 nm (Fig. 5c) to 0.19 nm (Fig. 5d), and
then to 0.20 nm (Fig. 5e) we find that the LLCP becomes
more and more accessible; it moves to a higher temperature, a
lower pressure, and a higher diffusivity. For rp = 0.20 nm the
critical point is around (7,P) = (4300 K, —0.9 GPa), where
we have the 1.6 g/cm? isochore cross with the 2.0 g/cm? iso-
chore. At that point, the low-density isochore has a diffusiv-
ity of D ~4.0x 10~% cm%s, while the high-density isochore is
about 1.3x 107> cm¥s, which is more than 3 times larger. This
observation agrees with the general observation that the low-
density liquid (LDL) state is always less “fluidic” (less diffu-
sive and more structured) than the high-density liquid (HDL)
state of a LLPT*+20-32,33.35-37,

Upon further increase of the bond length, the LLCP contin-
ues to move to higher temperatures and lower pressures, and
eventually moves below the liquid-vapor spinodal (thick gray
curves in Fig. 5), thus becoming inaccessible again. In Fig. 5f
we see that when ryp = 0.21 nm the LLCP is still visible, but
barely above the spinodal.

That r( strongly affects the diffusivity D near the LLCP is
an important observation. First of all, when a liquid has a
larger diffusivity, less time is needed to equilibrate it, which
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FIG. 5. Bond length rg strongly affects the LLCP. Isochores of
the bonded mWAC model with changing ry, while keeping the re-
maining bond parameters constant at kg = 500, k, = 5x 10° , and
6p = 109.47°. (a) When the Si-O bond is very short (0.16 nm) a
LLCP is no longer visible. (b) At 0.17 nm, the isochores converge
near 7 ~ 3000 K, P~ 1.8 GPa, p ~ 1.8 g/cm3, even though a clear
crossing is not yet visible. (c) At our reference value of ro = 0.18 nm,
the LLCP can be found at the edge of our simulations, at a diffu-
sivity close to 1077 ¢cm?¥s. The location of the LLCP is roughly at
(3000 K, 1.3 GPa, 1.8 g/cm3 ). (d) Increasing the bond length to
0.19 nm makes the LLCP more accessible, near (3500 K, 0.4 GPa,
1.8 g/crn3). (e) At 0.20 nm the LLCP has moved to a higher tem-
perature and a lower pressure: (4300 K, —0.9 GPa, 1.8 g/cm3). )
Increasing ry to 0.21 nm moves the critical point below the liquid-
vapor spinodal (thick gray line). The highest temperature at which
we find isochores cross is near (4700 K, —1.8 GPa, 2.0 g/cm3).

means that the LLCP is easier to study using simulations. Sec-
ondly, the diffusivity plays an importantrole in crystallization.
A liquid with a large diffusivity might crystallize faster, as
the growth rate R(T') of the crystal is typically proportional to
the diffusion constant D(T'). At temperatures well below the
melting point, the growth rate can be described by the Wilson-
Frenkel model:

R(T) = ¢D(T) [1 —exp(—=AG(T) /kyT)) 3)

Here AG(T) is the difference in free energy between the liquid
and crystalline phases, and c a constant’%-73.

6 2.6 2
E 21 \/2'0
o 0 18
~ x —————
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(a) 90 = 900
4 .
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= 21 \/
% 1.8
: 0 M
91
(c) 6 = 109.47°
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FIG. 6. Natural bond angle 6y has minimal effect on the LLCP.
Isochores for several values of 6y with rigid bonds (kg = k, = oo).
Upon increasing 6y the LLCP moves only slightly to lower tempera-
tures and higher pressures. (a) Isochores for 6y = 90°. (b) Isochores
for 8y = 100°. (c) Isochores for 6y = 109.47°. (d) Isochores for
6y = 120°.

C. How bond angle 8¢ affects the LLCP

The non-bonded mWAC model naturally forms a tetrahedral
structure at low temperatures. This is clear, for instance, from
the distribution of O-Si-O angles in Fig. 3a, which shows a
broad peak around the tetrahedral angle of 109.47° at low
temperatures and low densities. In Fig. 6 we consider what
happens when we change the bond angle from 109.47° to 90°,
100°, or 120°. Since rigid bonds (kg = o) has the largest effect
on the LLCP (see Fig. 4), we will use kg = oo to enhance the
effect of changing 6. The results for kg = 500 and kg = 2000
are similar, but less pronounced.

As we move from 90° (Fig. 6a), to 100° (Fig. 6b), then
109.47° (Fig. 6¢), and finally 120° (Fig. 6d), we find that the
LLCP moves only slightly to lower temperatures and higher
pressures. The effect is minimal, especially in comparison to
the impact that r and f, have on the LLCP.

In Fig. 6 we do see that increasing 6y moves the isochores
to a higher pressure. This means that at a given state point
(T, P), increasing 6y causes the density to decrease and thus
the liquid to expand. Hence, a more open O-Si-O angle ex-
pectedly gives rise to a more open, expanded structure. How-
ever, Fig. 6 suggests that this expansion happens equally for
LDL (low density) as for HDL (high density), so there is no
net movement of the LLCP.

D. Si/O coordination numbers

That the O-Si-O bond angle has such little effect on the LLCP
is surprising, as the (tetrahedral) structure of the liquid is ex-
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pected to play a significant role regarding the presence of a
LLCP. To better understand what is happening to the liquid
structure as we change ry or 6y, we consider in Figs. 7 and 8
the Si and O coordination numbers. The coordination number
no is the average number of O ions within the first coordina-
tion shell surrounding a Si ion:

Tmin
no = 47z:po/0 r gsio(r)dr 4

Here po is the number density of the O ions, gsio(r) the Si-
O radial distribution function, and ry;, the location of its first
minimum. The coordination number ng; is the average num-
ber of Si ions surrounding each Si, and has the same definition
as no but with pg; and gSiSi(r).

We see in both Fig. 7 and Fig. 8 that for low tempera-
tures and low densities the coordination numbers approach
(no,nsi) = (4,4) which indicates a tetrahedral structure where
each Si has four nearest O neighbors that each connect to one
other Si, thus resulting in four Si ions around each Si. As
we increase the temperature and/or density, the probability of
finding a fifth O ion inside the Si first coordination shell in-
creases, and with that the probability of finding additional Si
neighbors, beyond the tetrahedral four.

The average number of Si ions and O ions around each Si
ion varies for each state point (p,T'), however, there appears
to be a strict lower bound on the ratio ng;/ng as indicated by
a black dashed line in each panel of Figs. 7 and 8. Note that
the slope of this lower bound line depends strongly on the
value ry but is practically the same for all values of 6y, thus
hinting to a correlation between the location of the LLCP and
this slope. When the slope of the lower bound line is above
~3.4 (as for ro = 0.16) the corresponding isochores no longer
cross, and the LLCP disappears. If the slope is below ~2.7
(as for ro = 0.21) the LLCP disappears below the liquid-vapor
spinodal line. Hence, the LLCP only exists when the slope of
the lower bound line is approximately within the range of [2.7,
3.4]. The range of slope values was also found by Ref.>> upon
changing the ion charge by varying f,. It is unclear if this
range is specific to only this family of models, or if these are
universal values which are true for other models as well.

Plots of ng; vs. ng provide a useful tool for studying the
liquid structure. However, it can be difficult to accurately es-
timate the slope of the lower bound line. Furthermore, we are
mostly interested in the number of additional Si ions per ad-
ditional O ion, not the total number of Si and O ions. Let us
therefore define Rg; /o as the number of additional Si ions (be-
yond the tetrahedral four Si) per additional O ion (beyond the
tetrahedral four O):

nSi—4

&)

Rsijo = no—4
This ratio is well-defined for any pair of coordination num-
bers (no,nsi), except when there are exactly zero additional
O ions. When no = 4 it is possible for Rg; /o to become unre-
alistically large, and we therefore omit the few state points in
Figs. 7, 8, and 9 that have ng < 4.1.

In Fig. 9 we present the same data as in Fig. 7, but now
with the value of Rg;/o as a function of temperature 7. The
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FIG. 7. Varying rg strongly affects Si/O coordination numbers.
Si coordination number ng; vs. O coordination number ng, for vary-
ing ro and fixed 6y = 109.47°, kg = 500, k, = 5% 10°. Panel (a)
corresponds to the same bond parameters as those in Fig. 5a, and
similarly for all other panels (b)-(f). Different colors indicate differ-
ent densities, matching those in Fig. 5. (a) When ryp = 0.16 nm we
have a large increase in ng; upon increasing ng, thus giving a lower
bound line of slope ~4.4. At this value for r(y there is no LLCP.
(b) Increasing ry to 0.17 nm reduces the slope to ~3.4, which corre-
sponds to the isochores converging in Fig. 5b. (¢) When ryp =0.18 nm
the lower bound line has a slope of ~3.2 and a clear LLCP is visible
in Fig. 5c. (d) Coordination numbers for ry = 0.19 nm, with a clear
LLCP in Fig. 5d. (e) Coordination numbers for rop = 0.20 nm, with a
clear LLCP in Fig. Se. (f) At ryp = 0.21 nm the lower bound line has a
slope less than ~2.7 and the LLCP disappears below the liquid-vapor
spinodal in Fig. 5f.

minimum value of Rg; /o in these plots is identical to the slope
of the lower bound lines in Fig. 7. These figures show that
the behavior of Rg;/o correlates very strongly with the loca-
tion/existence of the LLCP. Interestingly, even at state points
far away from the LLCP (at high temperatures) the fluctua-
tions of Rg; /o correlate to what happens at lower temperatures.
In particular, for ro = 0.16, which does not have a LLCP,
the value of Rg;/o fluctuates around large values, between 5
and 10. For the models that display a clear LLCP, such as
ro = 0.19 and 0.20, the value of Rg; o fluctuates around much
smaller values, between 3 and 6. When the LLCP starts to
disappear below the liquid-vapor spinodal, the value of Rg; /o
fluctuates even less: in Fig. 9f all values lie between 2.5 and
4.5.
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FIG. 8. Varying 6g barely affects Si/O coordination numbers. Si
coordination number ng; vs. O coordination number ng, for varying
6p and fixed rp = 0.18 nm with rigid bonds (kg = k, = oo. Panel (a)
corresponds to the same bond parameters as those in Fig. 6a, and sim-
ilarly for all other panels (b)-(f). Different colors indicate different
densities, matching those in Fig. 6.

E. Gibbs free energy of mixing

Why Rg; /o correlates so strongly with the presence of a LLCP
can be explained by considering the Gibbs free energy of
mixing, AGpnix = AHpix — TASmix- As has been done for
water’+"7, we can consider the liquid as a mixture of LDL and
HDL, with their ratio controlled by a thermodynamic equilib-
rium. When AGpix < 0 the liquid will remain homogeneous
for all temperatures and pressures, but when AGpix > 0 the
mixed state is not the preferred state, and the liquid will spon-
taneously phase separate, allowing for a LLPT to appear.

Consider the model with ry = 0.20, where the O ions are
relatively far from their bonded Si ion. Because of this large
distance, when a fifth O enters the first coordination shell of
a Si, it will not bring as many Si ions with it into the shell,
since the long bonds keep these additional Si ions outside the
shell. The result is a fairly low number of additional Si ions
per additional O ion, in other words a relatively small value
for Rs; /0 as in Fig. 9e. Because the number of ions in the co-
ordination shell does not increase significantly when an extra
O ion moves into the shell, the change in entropy is not large
either. Thus, Spix remains small enough for AGpix > 0 for
certain values of 7', which allows for the liquid-liquid phase
separation to occur (see Fig. Se).

On the other hand, when ry = 0.16, the O ions are close
to their bonded Si ion, and when a fifth O ion appears in the
first coordination shell of a Si, it drags with it a large number
of additional Si ions. The result is a much larger value for
Rsij0 = (nsi —4)/(no —4) as is visible in Fig. 9a, and thus
a relatively large change in entropy. In this situation the Sp;x
becomes large enough such that AGpix < O for all 7', and the

—
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FIG. 9. Plots of Rg;/o vs. temperature T' as alternative to ng;
vs. no plots. Number of additional Si ions per additional O ion
Rsi/0 = (nsi —4)/(no —4), as a function of temperature 7. For clar-
ity, state points with ng < 4.1 have been omitted. Panel (a) corre-
sponds to the same bond parameters as those in Figs. 5a and 7a, and
similarly for all other panels (b)-(f). Different colors indicate dif-
ferent densities, matching those in Fig. 5 and 7. Black dashed lines
indicate lower bounds of Rg;/o and are identical to the black dashed
lines in Fig. 7. Plotting Rg; /o vs. T makes it easier to determine the
lower bound of Rg; g (i-e. the slope of the lower bound line in Fig. 7),
and shows more clearly the behavior of the coordination numbers as
the temperature decreases.

LLCP does not appear (see Fig. 5a).

F. Comparison to other models of tetrahedral liquids

As mentioned in the introduction, a significant amount of re-
search has been done on the critical behavior in tetrahedral lig-
uids using other models than WAC. Many of these tetrahedral
models consist of particles that have an explicit tetrahedral in-
teraction between them. For instance, in the tetramer model
by Smallenburg et al.3® each particle consists of five hard
spheres: one central sphere surrounded by four spheres that
act like ‘arms’ oriented along a tetrahedral geometry. Each
arm has an attractive patch on its surface which allows it to
bond with the arms of other particles. It is possible to adjust
the flexibility of the tetramer bonds by adjusting the size of
these patches and how much the arms are allowed to deviate
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from the ideal tetrahedral angle of 109.47°. Ref. 38 finds that
increasing the rigidity (i.e., decreasing the flexibility) intro-
duces a region with a stable liquid-liquid coexistence. How-
ever, further increase of the rigidity changes this LL coexis-
tence to a meta-stable state, with the crystal being the stable
phase. The arm length in this model can also be adjusted,
which is similar to changing ry in our modified WAC model.
Ref. 38 finds that, generally, an increase in arm length causes
the critical temperature 7;. to increase. Fig. 5 of this paper
displays a similar behavior in the modified WAC model when
increasing ry.

Another tetrahedral model of relevance is the modified
Stillinger-Weber (SW) model by Molinero et al.’8. In this
model, the particles interact via an interaction potential of
the form v = v»(r) + Av3(r,0) where v,(r) represents a ba-
sic pairwise potential and v3(r, 0) is a three-body term which
favors tetrahedral coordination by inducing a repulsion for an-
gles that are not tetrahedral. When the repulsion parameter A
is set to A = 21 we reproduce the original SW model”® for
liquid silicon, Si, which is known to have a LLCP at negative
pressures®’. Increasing A decreases the flexibility of the tetra-
hedral bonds, which promotes the onset of crystallization. On
the other hand, decreasing A increases the flexibility of the
tetrahedral bond angle and destroys the LLPT. For instance,
Ref. 78 finds that the LL transition no longer occurs at pres-
sure P =0 when A < 20.25.

Finally, the tetrahedral model most similar to our modified
WAC model is the modified ST2 model by Smallenburg and
Sciortino®!. The original ST2 water model® consists of rigid
intra-molecular bonds between the oxygen atom O in the cen-
ter and the two hydrogen atoms H1, H2 and two lone pairs L1,
L2 surrounding it. In the modified ST2 model these bonds are
allowed to deviate (without an energy cost) by a maximum an-
gle Omax. Obviously, a larger Opax gives rise to more flexible
O-H and O-L angles. It is shown in Ref. 81 that more flexible
intra-molecular angles ZOH, ZOL also lead to more flexi-
ble inter-molecular ZOOO angles. Furthermore, an increase
in flexibility moves the LLCP to slightly lower temperatures,
while simultaneously strongly decreasing the melting temper-
ature. Because the melting temperature is much stronger af-
fected than the critical temperature 7., one finds that at suf-
ficiently large Op,ax the LLCP ultimately moves beyond the

melting line and into the stable regime®!.

All three tetrahedral models mentioned above show that the
LLCP moves to a lower temperature when the inter-molecular
bond angle is made more flexible. It is easy to argue why
this makes sense. Near the LLPT there is a competition be-
tween two liquid states, the low-density LDL and the high-
density HDL. For phase separation to occur, the more struc-
tured LDL state needs to possess enough rigidity to distin-
guish itself from the more fluidic HDL state. Too much fluctu-
ation in the bond angle, and the LDL state becomes (energeti-
cally) indistinguishable from the HDL state, leaving us with a
single fluid. This is what arguably happens when we increase
the temperature of the liquid above the critical temperature 7
— the amplitude of the bond angle fluctuations increases and
the separation between LDL and HDL disappears. Hence, if
we increase the flexibility of the inter-molecular bond angle

via a model parameter, one would naturally expect the 7, to
be reached at lower temperatures.

However, we observe in Fig. 4 that the LLCP of the mod-
ified WAC moves in the opposite direction; making the Si-O
bond angle more flexible (by decreasing k, and kg) causes the
LLCP to move to higher temperatures instead.

To better understand the similarities and differences be-
tween modified WAC and the other tetrahedral models, we
need to consider the distribution of the tetrahedral inter-
molecular Si-Si-Si angle since the flexibility of (the equivalent
of) this angle is what we control in the other models.

In Fig. 10 we consider the inter-molecular Si-Si-Si angle.
To calculate this angle we use the four nearest Si neighbors
of each Si. The resulting histogram generally has two large
peaks for this model, one peak near 60° and one broad peak
around 109°. The 60° peak arises from HDL liquid structure,
while the 109° peak comes from the tetrahedral structure of
the LDL. Since we are only interested in the flexibility of the
tetrahedral angle, we present in Fig. 10 those state points that
mainly consist of LDL, i.e., low density (1.6 g/cm?) and low
temperatures.

It is clear from Fig. 10a that the Si-Si-Si distribution is not
affected at all when we adjust the flexibility of the Si-O angle.
Note that this is completely different from what was observed
in the flexible ST2 model by Ref. 81. In Fig. 10b we find that
changing the bond length ry has no effect on the tetrahedral
angle either. These surprising observations explain the strange
behavior of the bonded modified WAC model. Evidently, the
bonds in the model do not affect the inter-molecular tetrahe-
dral angle at all, and therefore the behavior found in other
models is not what we find in the bonded m-WAC model. In-
stead, in this model the LLCP seems to be controlled predom-
inantly by the distribution of the electric charge. The bonds
do affect the distribution of charge when ry is changed —
as indicated by the Si/O coordination numbers discussed in
Sec. IVD — but they do not seem to affect the LLCP directly
as is the case with the other tetrahedral models.

We conclude that the bonded modified-WAC model clearly
behaves very differently than any other model studied so far,
thus highlighting its importance for the general study of LL-
CPs. It would be interesting to see in future research how
one could adjust WAC to make it more like the other mod-
els, which is perhaps possible by changing the van der Waals
interaction from Buckingham to e.g. Lennard-Jones.

V. CONCLUSIONS

We have successfully extended the modified-WAC model to
include intra-molecular bonds. The addition of these bonds
did not have a strong effect on the LLCP and its location. Us-
ing bonds with a minimal amount of stiffness produces a very
similar set of isochores but with the LLCP slightly moved to a
lower temperature. Increasing the stiffness of either the bond
angle or the bond length moves the LLCP to lower temper-
atures, but even with rigid bonds (kg = k, = o) the LLCP
remains accessible and moves only a minor amount compared
to the original non-bonded mWAC model. This movement
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FIG. 10. Bond angle flexibility ko and bond length ro do not
affect the tetrahedral Si-Si-Si angle. Probability distribution of
P(cosO) = P(0)sinh, with 6 the Si-Si-Si angle between the four
nearest neighbors of each Si atom. To allow for a valid comparison
between different values of kg and r, we consider here different state
points (all at 1.6 g/cm?) that all produce the same liquid state consist-
ing of mainly LDL. (a) Making the intra-molecular Si-O bond angle
less flexible (by increasing kg) does not affect the Si-Si-Si bond an-
gle at all, unlike what is observed in other models such as the flexible
ST2 model by Ref. 81. (b) Changing bond length r( has no effect on
the Si-Si-Si bond angle either, even though it significantly affects the
LLCP (see Fig. 5). Considering that ry does affect the Si/O coordi-
nation numbers, we conclude that the electrostatic interaction plays a
far more dominant role in this model than the bonds and bond angles
do.

is opposite to what happens in other tetrahedral models and
can be explained by the observation that adjusting the intra-
molecular Si-O bond angle (using kg) does not affect the inter-
molecular Si-Si-Si angle.

A more significant change occurs when we alter the natural
bond length, ry. Upon decreasing ry to around 0.16-0.17 nm
the LLCP disappears completely, in a similar fashion as what
happens with the original non-bonded WAC model when we
increase the charge of each ion by a factor of f, = 1.082.

10

When we increase the natural bond length ry, the LLCP
moves to higher temperatures and lower pressures, until at
ro = 0.21 the LLCP disappears below the liquid-vapor spin-
odal, similar to what happens when we decrease the ion charge
by f, = 0.72.

Since increasing ry and decreasing f; have such similar ef-
fects, we suspect that both are caused by the same underly-
ing mechanism. Inspection of the Si/O coordination num-
bers (nsj,no) indicates that there is a strong correlation be-
tween the location of the LLCP and the number of addi-
tional Si ions Rg; o that enter the first coordination shell of
a Si ion when one additional O ion enters the shell. Here
Rsij0 = (nsi —4)/(no —4), as defined in Eq. 5. When Rg;/0
fluctuates between approximately 3 and 5.5 then the model
has an accessible LLCP, as is the case for ryp ~ 0.19 nm and
Jq = 0.84. When Rg; /o shows larger fluctuations, e.g. be-
tween 5 and 10, then there is no LLPT or LLCP. On the other
hand, when Rg;/0 shows very small fluctuations between 2.5
and 4 a LLPT might still be visible, but the LLCP moves be-
low the liquid-vapor spinodal line and is no longer accessible.
Itis quite possible that these ranges for Rg; /o are not universal
values, but that they depends on the type of model.

Varying the bond angle 6y from 109.47° to either a larger
angle (e.g. 120°) or a smaller angle (e.g. 90°) does not have
a strong effect on the LLCP, even with rigid bonds (kg = k, =
o). Examination of the Si/O coordination numbers (ns;,no)
confirms that there is no significant change when we vary the
bond angle 6y, indicating that the overall structure of the lig-
uid does not change when we adjust the O-Si-O bond angle.
For all values of 6y considered, we find that the coordination
numbers still approach (ns;,no) — (4,4) at low temperatures
and low densities, which implies a tetrahedral structure.

This result suggests that the liquid continues to form a tetra-
hedral network even when the molecules themselves do not
possess tetrahedral angles. We must conclude that the tetrahe-
drality originates from the non-bonded terms in Eq. 1, in other
words, the electrostatic interaction together with the Bucking-
ham potential that exists between the ions. It would be in-
teresting to see in a future study how we can disrupt the for-
mation of the tetrahedral network and see how this affects the
LLCP.

Finally, we would like to point out to the reader that in the
case where the LLCP disappears below the spinodal (Fig. 5f),
the modified-WAC model realizes the “critical point free” sce-
nario. This scenario is one of many scenarios suggested as a
possible explanation for the origin of the anomalies present in
liquid water8>-84. It is also possible that this scenario occurs in
liquid silicon, considering that the Stillinger-Weber model for
silicon is close to realizing the critical point free scenario®.
Figs. 4 and 5 also show signs of a re-entrant spinodal, which
is another scenario that was proposed for liquid water but later
rejected. However, recent work3>8¢ shows that a re-entrant
spinodal might still be a possible scenario. Considering that
our model can be used to reproduce these various scenarios, it
might be interesting in future work to explore these phenom-
ena using the bonded modified WAC model.
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